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Abstract 

It is shown that Einstein gravitational equations and canonical equations following from the Dirac- 
Schwinger Hamiltonian in the Faddeev variables coincide. For proving of this at first, the Einstein 
equations has been rewritten in canonical variables, and after this, the time derivative of the generalized 
momenta of the gravitational field in Faddeev form has been calculated using canonical Poisson brackets. 
The results coincide. 
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1 Introduction 



In [U [2] the Hamiltonian for the gravitational field was derived (by different methods - in [1] the constrained 
dynamics was used, in [5] by the tetrad formalism). Detailed consideration of this result in the light of 
the Generalized Hamiltonian Dynamics including the proof of positiveness of the gravitational energy (in 
asymptotically flat space-time) based on this hamiltonian can be found in l3] . There is another Hamiltonian 
formulation of the Einstein gravitation - the Arnowit-Deser-Misner (ADM) formulation In the ADM 
formalism the variables has been chosen from geometrical viewpoint, mainly. 

The Hamilton dynamics for gravitational field is actively discussing [51 [SI [71 [5] including discussions of 
problems of equations of motion In particular, in [6l[7l[8] a problem of canonical equivalentness of ADM 
and Dirac formulations is considered. Authors of [6] conclude that Hamiltonians of ADM and Dirac are 
not related by a canonical transformation. Moreover, in |6] is stated that the ADM variables are not the 
canonical variables for GR, although they have simple geometrical meaning. The derivation of the Einstein's 
equations by means of the variational principle from the Hilbert's action S = J d'^xR, where the R is the 
Hilbert's Lagrangian, is one of standard textbook methods. In this content a question of thorough test of 
the equivalentness of the Einstein general relativity and its canonical formulations arises. 

The general theory of constrained systems [101 [HI [12] states that there are some ambiguities when passing 
from a Lagrangian to the corresponding Hamiltonian. That is, there is no strong criterion what exact form 
a Hamiltonian must take in a constrained theory [8]. 

In this article the question of equivalentness of the Dirac's Gravitational Hamiltonian in the Schwinger- 
Faddeev variables [3] with the Einstein GR is considered. It is shown that canonical field equations for pure 
gravity derived using Poisson brackets with the Dirac hamiltonian coincides with the Einstein's gravitational 
field equations. 

2 Hamilton function for gravitational field 

Let's take the following action 

J d'^Xy/^C = J dtj d^ry^C, 

where the Lagrangian is defined as the Hilbert Lagrangian minus a full divergence: 

V^C = V^R + iV^g'^TP^) - {^gg'^^Vt) , 

and is equal to 

^gc = h'^^ (r^,r^, - r^,r^,) + d^h'^'^K^ d.h'^-rl. (i) 

Introduced here quantities are follows: 

R = g^'R^., g = det(5^,), h'^'' = y^g''^ 

and 

The detailed discussion of these variables may be found in 3 . The Lagrangian y/~gC corresponds to 
the first order formalism where h^"^ and F^^ are considered as independent variables. Equations of motion 
for ([H in this case are 

^ dh-^ „ dh'^^ ' ^ 9F- 5F- 

which leads to 

^pX^ua ^ ^pa^tx = — dpV^^; (2) 

^d^h''^ + S^.d^h^" + h'^^TP^p + hPPV'p^S^^ = h-^Tl^ + hP^V;^. (3) 
The first of these equations is equivalent to Einstein's pure gravitational field equations: 



Rua = 0. (4) 
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The Eq.Q we can rewrite in the form: 

d^h''^ = h'^^n^ - /i^'T^^ - /i^^r;:, (5) 

which is nothing but the condition of covariant constantness of the h''^ (taking into account that it is a 
tensor density of weight -1): 

V^h"^ ^ 0. (6) 

It turns out to be [1] [2l |3] that following quantities are generalized coordinates and generalized momenta, 
respectively, of the gravitational field: 



As it is shown in |2j ISj our lagrangian may be brought to the form: 

(8) 



uOl uOi 1 

Here is covariant derivative with respect to the three-space metric (see Appendix A). From Eq.® we see, 
that Hij and q''^ are canonical conjugated variables - the Ily are generalized momenta (the tensor density 
of the weight -1) and the q*^ are generalized coordinates (the tensor density of the weight 2), respectively. 
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But except them we see other variables too - and j^. There are no conjugated momenta or velocities 
for them, this means they are Lagrange multipliers. Variing over them we can obtain constraints: 

Co = q'^q'"' (U^jUki - UuUkj) + 7^?^'^ = 0, (9) 

where 

7i?(3) ^ q^JJi<Ji)^ (10) 

and 

a = 2V, (g-'^-n.fe) - 2Vj (q^^n^) = 0. (11) 

It is more convenient to take as Lagrange multiplier not but Aq = 1 + -7:77. 
Resulting expression for our lagrangian brought to the canonical form is: 

L = j d^x {n.jdm"' - A°Co - X'c^ - n) . (12) 

Hamilton function is 

H ^ -Co - d.djq'^ . 
Lagrange multipliers here are chosen in the form: 

As it was shown by Dirac as time displacement generator we should consider the so-called total Hamil- 
tonian. In our case it is 

HT = n + aVo + A'a = ■^q^'q'"' (n^,n,, - 0,^0,,) - d,d,q''+ 

(13) 

1,01 uOi 1 



A R^^^ appeared here is 3-dimensional space Ricci tensor (see the Appendix]^ and R^^^ - is its Ricci scalar. 
On the surface of constraints we can go only after all the Poisson brackets are calculated. 
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3 Einstein's equations for gravitational field 

For pure gravitational field Einstein's equations are 

= 0. (14) 

Of them Rqo ~ and i?oj = not contain second time derivatives. It is well known that equations containing 
second time derivatives are 

= 5Ar^-5,r^ + r^rep-r;,r^ = o (15) 

For comparison of these equations with canonical ones we need to transform it to canonical variables. For 
this it is sufficient to use formulas in Sec. (fS| . 
Let's begin with the first term in Eg. (ITS)) : 



^Ar^, - 9o(/i™n„) + dki^^ + 9fe(/i°'^n„), (I6) 

Using ^ with zero indices: 

9o/i"° = -/i"°r[>o + /i°%-2/.°'ro, (17) 

and Eg. ([54)1 we find 



The second term takes the form: 

-9,r^x-d,^-d,j^,. (19) 

The third and fourth terms in the Eg. (|T5|) are cumbersome, although one need only to use Egs. p8| . (|50)) 
and (|54p for substitutions. For example, presenting third term at the first step as follows 

T^^n^ = /i°°n,,r°o + h'°ii,,T^ok + r.l, (7^. - ^) (20) 

we see cancellation of expressions with Fqq in the first and third terms. After all substitutions and simplifi- 
cations one can find that 

= /i°"9ony + + 2g'=' {Umniiki - n„,fen„;) + f-Vkh'"' + + h"''^^ 



-n,:. ( v,/."'= - 1^% 1^"'^) + n.. (^^h^' - h°'iu - h°'^] - (21) 



We may rewrite it in the fully three-covariant form as follows: 

4 Canonical equations for gravitational field 

According to Dirac the total Hamiltonian Eq. p^ is generator of time displacement. For providing calcula- 
tions we need in the fundamental Poisson bracket which follows from Eg. (|12p : 



(22) 



n,,(t,x), q^\t,y)\ = i (siSi + Sidl) ^(3)(x-y). (23) 
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Now we can derive equations of motion for gravitational field using our total Hamilton function Eq. (|13|) : 



It is convenient to divide this Poisson bracket into four parts: 

During the calculations below we will suppose x means (t, x) and y means {t, y) in arguments of our functions. 
It is obvious that 

J d'y{dkdiq''\y),Il,,{x)} =0. (29) 
It is easy to calculate the second Poisson bracket Eg . ([25)) too: 



(24) 

(25) 
(26) 
(27) 
(28) 



(30) 



The calculation of the Poisson bracket Eq. (P7| containing R-^ ' is much complicated. At first step we have: 



The second term in the r.h.s. may be expressed as follows: 



(32) 



,3 i^'iy) s 
d y-, 



- djlli - ^dkdi In + ^7fc As In ^/g + itjlf. 



h^^iy) dq^i{x) 

We will dwell only on some steps of the calculation. For example, using the following formula 



/ 



,3 Q 



Ikjlis - - / d'yjr;^ {dsg'' + g'^ds In V?) 



we see that the sum of the first and fourth terms in the last line of the Eg. (15^ is 



■Ilk 



(33) 



(34) 



where the partial derivatives in the first brackets are acting on the y argument, the dependence on x 
is distinguished. The expression in the second bracket more convenient to calculate using the following 
identity: 

^ ' ^ {q''h!k)-itA^-y) (35) 



5q^3{x)'^'-^ Sqi^x) 



and then to use E 



The final expression for tlie Poisson bracket is 



^ dilny/^djlny/q- -^^^^Jln^-l(^^\n^^J-^ +^■jlny/^^^ ^ 



Taking into account 

1 Vt/i™ 1 „ . ^ „ 1 



the r.h.s. of the Ea. (|55)) has been brought to the following covariant form 



(;j00)2 ^ ^ /jOO /jOO /jOO /jOO \^ /^oo 



/jOO /jOO /jOO /jOO I /jOO 



The last bracket Eq.([28l) is 



Summing up all contributions we obtain: 



2 „ „ „ . 1 „(3) „ „ „ „ 



(36) 



dk\n^-dk-r^ (37) 



(38) 



Using this result we have for the Poisson bracket Eq. lpT)) : 

h°°{y)i ^y>^ki yyj^^'^^A^)! - i-^oQ^ij + /jOO ^00 /^oo ^oo ^oo J- ^•^^> 



(40) 



(41) 



The result is the same as the Eq. . Thus Einstein equations of motion for gravitational field and canonical 
equations obtained using Hamiltonian Ea. (ll3p coincide. 



A Definitions of 3-dimensional variables 

In Hamiltonian dynamics time and space coordinates enter separately, for this we must introduce some 
corresponding 3-space notations. As we have mentioned in the Introduction we will use Faddeev's variables 
[5]. For example, a contravariant 3-space metric tensor is defined as follows: 

from which one find: 

7" =3'^-^- (42) 
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Accordingly, for Christoffel symbols in 3-space we have: 

1 



l]k = 2^ ' {djg.k + dk9i, - dig.k) ■ (43) 



Three-space Ricci tensor is defined as 



= dn\, -d,4,+ - llkli, ■ (44) 

Denoting 

7 = det(5ij) and g = detg^^ (45) 

we conclude that 

5"" = 7/3- (46) 

It is not difficult to see that 

= 77*^ q^j = -gij, q = det = ^. (47) 

7 7 

Our variables h'^^ are both 4-space and 3-space densities with weight (-f), so we have for their 3-space 
covariant derivatives: 

V./i"" = - 7^/i™, V.h"''^d,h"'' +^tih''~li,h"''. (48) 

But quantities like h^"^ /h^^ are 3- vectors (not densities) and, for example, we have 



(49) 



Following quantities are generalized coordinates and generalized momenta of gravitational field, respectively: 

q^k ^h"'h'^'' -h'^'^h''', Hy^-^rO^.. (50) 

Let's to write out that part of Eq.([5]) which contains no time derivatives: 

d^h'^i - h'^^YP^ + h/^^Tl^ + hP'V% = 0; (51) 

+ /iO"rO, + 2h''^T% - /jooq . = 0; (52) 
d^h'^ -f h^^Tl, + h^^T\, + h^^Tl^ - /i°^r^ = 0. (53) 

Using these equations and definitions of the generalized coordinates and momenta we can express some 
Christoffel symbols we need as follows: 

r'o = -^^^h'' - ^''n,^, T% = -^v,/i™ - /i^°n,„ rj, = 7],. + /i°'n, (54) 

Contributions of all Christoffel symbols of the type Fqq are canceling. Three dimensional Christoffel symbols 
are defined in Ea. (l43l) . For the calculation of Poisson brackets it is necessary the form of the 7*^, when it 

depends only on canonical variables q^^ — 77*^ and qij = —gij' 
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l]k = (djqki + dkqji - diq^k) + ^ {q"qjkdi - {S}dk + Sldj)) In 7^. (55) 

We have also 

7ffe=a,lnV7 = -^5any^ (56) 



and 



q"'l}k = -dkq'''-^q'''dk\n^. (57) 
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